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The analytical expressions for the current density J and total energy distribution (TED)   
can be derived for electron field emission over a limited range of temperature T, electric 
field F and work function φ.  The analytical expressions for J are: 
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where p and q are dimensionless parameters with p(F,T,φ)=kT/d and q(F,T)=C3F3/4/kT 
and JFN and JSE  are the well known Fowler-Nordheim and Schottky equations.  The 
analytical expressions for the total energy distribution (TED) J(E) are: 
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where d=heF/4π(2mφ)1/2 and 2/13 )4/( oS FeE πε=  and C1 and C2 are constants.  Previous 
studies1,2 have examined the range F and T over which these relationships are valid for 
the CFE (cold field) or ES (extended Schottky) emission regimes.  These relationships 
have been assumed to be reasonably valid for p<0.7 and q <0.7.  
  
This investigation determines the valid ranges by comparison of the analytical expression 
to a rigorous numerical calculation based on fundamental principles.  We specifically 
focus on the range of values for p and q to find where the above equations compare 
favorably to the rigorous numerical calculation3.  Figs.1 and 2 show the ratios of the 
analytically to the numerically calculated values of the current density J and full width at 
half maximum (FWHM) of the TED for a low (2.5 eV) value of φ.  From these figures 
one can see that the CFE analytical expressions for J and the FWHM of the TED are 
accurate in the range of p< 0.7 as expected.  Similarly the ES analytical expression for the 
TED compares favorably with the numerical expression for q<0.76.  Surprisingly, the 
analytical expression for J deviates substantially from the numerical results for q>0.2. 
 
A  substantial discrepancy between J(A) and J(N) in the ES region, as shown in Fig. 3, 
holds for all values of φ and suggests caution should be exercised when using JES to 
extract emission parameters, such as φ and β = F/V, from experimental I(V) data.  The 
valid regions of p and q can be used to find valid ranges for T, F and φ.   Fig. 3 shows the 
temperature range over which the analytical expressions are valid for φ =2.5 eV.   It is 
also clear there is a temperature range for which only numerical solutions are available 
for J and J(E)  Further comparison between the analytical and numerical values for J and 
J(E) at other values of T, F and φ will be given to determine valid ranges for each.
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Fig. 1 Curves show the ratio of 
the analytical (A) J to the 
numerical (N) J as a function 
of p and q at φ=2.5 eV.  
Ideally, the ratio would be 1.0. 
 
 
 
 
 
 
 

 
 
 
Fig. 2 Curves show the ratio of 
the analytical (A) FWHM to the 
numerical (N) FWHM as a 
function of p and q at φ=2.5 eV.  
Ideally, the ratio would be 1.0. 
 
 
 
 
  

 
Fig. 3 Curves show the ratio of the 
analytical (A) to the numerical (N) 
for J and FWHM of the TED at φ 
= 2.5 eV.  All curves are 
calculated at J=1x109 A/m2.   
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